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LIMIT THEOREMS FOR WEIGHTED BERNOULLI 
RANDOM FIELDS UNDER HANNAN’S CONDITION 

JANA KLICNAROVA, DALIBOR VOLNY, AND YIZAO WANG 


Abstract. Recently, invariance principles for partial sums of Bernoulli 
random fields over rectangular index sets have been proved under Han¬ 
nan’s condition. In this note we complement previous results by estab¬ 
lishing limit theorems for weighted Bernoulli random fields, including 
central limit theorems for partial sums over arbitrary index sets and 
invariance principles for Gaussian random fields. Most results improve 
earlier ones on Bernoulli random fields under Wu’s condition, which is 
stronger than Hannan’s condition. 


1. Introduction 


We are interested in limit theorems for partial sums of weighted stationary 
random fields {Xj}j & %d, in form of 

(1.1) S n = X K,jXj,n € N, 

je i d 

where {b n j}j £Z d are coefficients such that J2jbnj < °°- We will impose 
further conditions on the dependence of {Xj}j eZ d so that S n is well defined 
in the L 2 sense. 

Limit theorems for partial sums of dependent random variables have a 
long history. In the case d = 1, limit theorems for stationary sequences have 
been extensively developed. The most considered case is the unweighted 
case with b n j = l{j'e{i,...,n}}> which yields 

S n = X 1 + • • • + X n . 


In this case, various conditions on the weak dependence of stationary se¬ 
quence {Xj}j £ % have been developed. Heuristically, when the sequence of 
{Xj}j e z is said to have weak dependence, S n should behave asymptotically 
as partial sums of i.i.d. random variables; in particular one expects 

' ‘S'lntJ 


( 1 . 2 ) 




f}te[o,i] 


te[o,i] 

for a standard Brownian motion B and some constant a > 0. Results of this 
type are referred to as (weak) invariance principles or functional central limit 


29|, 


theorems. See for examples [14, 24, 25, 
for recent developments. In case that b n j 
same rational applies: S n in (11.11) with weakly dependent {Xj}j & z should 


and references therein 
is a more general £ 2 sequence, the 
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behave as if {Xj}j e z are independent and identically distributed (i.i.d.) 
random variables. Different types of invariance principles may arise, see for 
example 0 where the limiting processes are fractional Brownian motions. 

A few conditions have been known that lead to the above invariance 
principle (11,2[) . See for example jl5l. 116] on comparisons between different 
conditions. In this paper we focus on Hannan’s condition [l8] and Wu’s 
condition [36j], and particular their extensions to random fields. In order 
to compare with our results for random fields, assume in addition that the 
stationary random variables {Xj}j^z have the form 

X j = foT\{e k } k& ) 


for some measurable function / : —>• R and the shift operator T on 

R z defined by [Tj(w)] k = u>j +k for w = {w k } k& z € R z , and a sequence of 
stationary random variables {e k }k&z- We assume E Xj = 0 and EX? < oo. 
Furthermore, introduce Xj := a(e k : k < j ), X-oo := f)j Xj and Xoo '■= 
\ZjXj, and assume / to be regular in the sense that E(/ | X-oo ) = 0,E(/ | 
Xoo) = f ■ With these notations, Hannan’s condition reads as 


(1.3) Y, ° Tj I ° Tj I X—i) || 2 < oo. 

j&L 

To introduce Wu’s condition, furthermore set first e* = 6j for j ^ 0 and 6 q 
to be an independent copy of eo and independent of all the other random 
variables, and then set X* = /oT J ({ e t}k£Z.)- Then Wu’s condition reads 
as 


(1.4) 


Ei 

jgZ 


X,-X* 


2 < OO. 


Both conditions have been extensively investigated (e.g. [9, 13, 38]). It has 
been shown in [34| that Wu’s condition is strictly stronger than Hannan’s 
condition, in the sense that one can find an example such that the invariance 
principle as in (11.211 holds for Hannan’s condition, but Wu’s condition is 
violated. On the other hand, Wu’s condition is very practical in proving 
limit theorems [38,], and conditions of similar types have lead to strong 
invariance principles |3j, 37]. 

Limit theorems for stationary random fields (d > 2) have also been in¬ 
vestigated since long time ago. There is a vast literature on limit theorems 
for general stationary random fields, and we refer to 0- 0, Eft, EH and the 
references therein. A main motivation of the recent developments was to 
extend the well-investigated dependence conditions for stationary sequences 
to random fields. However, the success so far has been mostly limited to 
Bernoulli random fields {Xj} je7 j: 


(1.5) 


Xj — f ° Tj({ek} k&7j d) 


where / : -A R is a measurable function, {T 3 }are the shift operators 

on R zd such that for w = {u>k}ke7, d £ R Z< \ [Tj{w)]k = Wj+k for all k,j € Z d , 
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and {e k } k£Z d are i-i.d. random variables. We assume EXj = 0 and EX^ 2 < 
oo. 

It is important to point out that in the case d = 1, {o/}jez is only assumed 
to be stationary. At the technical level, the reason for restricting {ej}j £Z d 
to be i.i.d. when d > 2 is the following. Conditional expectations of random 
variables, in the form of E(Y | Pj) with Pj = u(e k '■ k < j,k £ Z rf ), are 
involved in the proof. Such conditional expectations are extensively used to 
express random variables of interest in terms of sums of orthogonal random 
variables. For example in one dimension, one can write 

(1.6) Y = £ PE(Y | Pj) - E(Y | Pj^)} = : ]T PjY 

j£Z j 

for any regular random variable Y with finite moment, and for all j ^ j', 
PjY and PyY are uncorrelated. To extend this key decomposition to the 
random-field setup (Lemma 12.11 below) and maintain the orthogonality of 
the terms, one needs the following commuting property of the filtration: 


(1.7) 


E[E(Y | Pj) | P k ] = E[E(Y | P k ) | Pj\ = E(Y | P jAk ) 


with (J A k) q = min(j g , k q ), q = 1, ..., d. This identity, unfortunately, is not 
true for filtrations generated by general stationary {ej}j^z d except when 
they are i.i.d. Therefore, many arguments based on the telescoping (jl.6|) 
fail to be generalized to high dimensions for arbitrary stationary {ej} jGZ d. 

A deeper reason for working under the assumption of {ej}j^ d being 
i.i.d. is that the so-constructed random fields as in (11.51) can be approxi¬ 
mated by m-dependent random fields, but it is not clear how to construct 
an m-dependent approximation for general stationary random fields. For 
general stationary sequences in one dimension, instead of m-dependent ap¬ 
proximation one can proceed alternatively by establishing martingale ap¬ 
proximation, using the projections based on conditional expectations, and 
then apply the martingale central limit theorem. However, the martingale 
central limit theorem has been well known (e.g. pi) to be much less practical 
in high dimensions than in one dimension, and limit theorems for stationary 
random fields established via martingale approximations have very strin¬ 
gent conditions [1, 26, 27, f3(]|. So for general stationary random fields in 
form of (11.51) with stationary {ej} JgZ d, it is still an open question that what 
should be the general approach to establish central limit theorems. This is 
the limitation of most of the results so far on weighted Bernoulli random 
fields. It might be true that the situation with stationary {ej}j £ z d i s actu¬ 
ally much more complicated than in one dimension. An exceptional result 
for general stationary random fields is due to Dedecker 01 via a very in¬ 
volved Lindeberg method, and the condition on weak dependence is much 
more complicated than the one-dimensional case. Another very recent result 
that goes beyond the i.i.d. regime is in [33|, although it is still not yet as 
satisfactory as in one dimension. 
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As discussed above, latest advances on limit theorems for stationary ran¬ 
dom fields have been mostly limited to Bernoulli random fields in form 
of (jl.ll) and (|1.5j) . In particular, progress has been made on Wu’s condition 
in the past few years. Observe that Wu’s condition in one dimension (jl.4[) 
can be naturally extended to high dimensions, formally as 


( 1 . 8 ) 


E 




2 < OO, 


with X* = /oTj({ejf,} fcgZ d) and {e k } k£Z d similarly as in the case d = 1. This 
extension is first considered by El Machkouri et al. [13], where invariance 
principles for unweighted partial sums are established. Limit theorems have 
been also established for fractional Brownian sheets [35] and set-indexed 
random fields 0,0. All these results can be formulated as limit theorems 
for weighted Bernoulli random fields as in (II.Ill , under Wu’s condition and 
certain assumptions on b n j. Recent results on Bernoulli random fields under 
other conditions include also [iij ]. 

In this paper, we consider limit theorems for Bernoulli random fields under 
Hannan’s condition f (12. 1 ji below), and continue the development in 34]. It 
is proved in [34j that for stationary Bernoulli random field under Hannan’s 
condition, 


1 


n' 


d/2 


E 


04 


a 


te[o,i] d 


l<i<nt 


i€[0,l] d 

as n —>• oo in D([0, l] rf ), where the limiting random field is the Brownian 
sheet B up to a multiplicative constant a, as in the case for {Alj} JgZ d be¬ 
ing i.i.d. Here, we complement results in |[34| by considering more general 
weights b n j : we extend a few of aforementioned results 0, 0, [35!] on limit 
theorems for weighted Bernoulli random fields under Wu’s conditions to the 
strictly weaker Hannan’s condition (except in one case where the results are 
not comparable; see Remark 14.4[) . 

There are two key ingredients in the proofs here. One is the assumption 
on the i.i.d. random variables discussed above: in particular, this assumption 
allows the approximation of the stationary random fields by m-dependent 
ones. The other is a moment inequality for weighted partial sums, in form 
of 

1/2 


E 

j£Z d 


b n ,jX,j 


*0 E 


n,j 


\j&A 


for some p > 2. We establish such an inequality in Lemma 12.21 under Han¬ 
nan’s condition. It plays the key role in bounding the error term in the 
m-dependent approximation of the random fields. Such an inequality has 
been known under Wu’s condition (11.81) 0, Proposition 1], (See also for a 
different extension of Wu’s condition proposed by [321 ]. where a similar mo¬ 
ment inequality was established for the unweighted partial sums.) Our proof 
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of the main result, Theorem 12.51 makes essential use of the two keys, and 
the proof is inspired by Bierme and Durieu [0] (see also Remark 12.9p . Here 
we present a variation of the same idea, using m-dependent approximation 
instead of m n -dependent approximation. 

The paper is organized as follows. The main result, Theorem 12.51 is 
established in Section [2j As consequences, we present two applications. 
First, central limit theorems for partial sums over arbitrary index sets are 
investigated in Section 01 Second, invariance principles in i Mr 
established under the Hannan’s condition in Section 01 


are 


2. A CENTRAL LIMIT THEOREM 


Consider i.i.d. random variables {ej} ieZ d defined in a probability space 
(fi,£>,P). Set = a(ej : j £ Z d ,j < i),i £ Z d and J= a(ej : j £ 
Z d ,j q < i q ),q = 1 ,d,i q £ Z. Because of the independence of {ej}j £ %d, 
{J 7 j}jez d are commuting in the sense of (11.711 . Next, as in [d|], introduce 
the projection operator 

Pi =n p h with = e (- i ^ - e (- 1 4- 1 )- 


q=l 

In this way, and Pi are commuting operators from L 2 (H,H,P) to 

L 2 (Q,B, P), due to the commuting property of the filtration. For more 

The following 


2d, 


properties of these filtrations and operators, see 
decomposition based on these projection operators is useful. 


Lemma 2.1. Let Y be a random variable measurable with respect to the 
o-algebra = a{tj : j € Z d ), with E Y = 0,E|H| p < oo, for some p > 2. 
Then, 

Y = V PjY := lira 

J m—>oo 

j£Z d j£{ 


V PjY in IP. 


Proof. By definition of Pj, 

]T PjY = E(F | T ml ) + (-l)WE(y | P m5 ) 

j£{—m+l,...,m} d 5e{ — l,l} d \{l} 


with (6) = E ,=1 l{5 q =-i}, 1 = (1, •••,!) € Z d and m5,m 1 £ Z d . By 
martingale convergence theorem, E(H | P m l) —> Y almost surely and in L p . 
The other 2 d — 1 terms all converge to zero in L p . Indeed, observe that for 
each q = 1,..., d, 


lim E(y 

m—>oo 


Ai) = E Y 


n 

m€N 


T 


(<?) 


almost surely and in L p , by backwards martingale convergence theorem. By 
Kolmogorov’s zero-one law, the limit is a constant and hence necessarily 
zero since EH = 0. To complete the proof, it suffices to observe for each 





6 


KLICNAROVA, VOLNY, AND WANG 


5 € {-1, l} d \ {1} with 5 q = -1 for some q £ {1,... ,d}, ||E(Y | P m s)\\ p < 
||E(y I Fm)\\p for j e T> d . □ 

In view of Lemma 12.11 throughout, an infinite sum of random variables 
is understood as the limit of partial sums over sequence of finite sets in the 
L p sense. 

With projection operators defined above, the Hannan’s condition states 
as 

(2.1) A p pO := ]T ||Ho*4<°o, 

ie 

for some p > 2. We first give two lemmas on Bernoulli random fields under 
Hannan’s condition. 


Lemma 2.2. Suppose A p (X) < oo for some p > 2. Then for all {ai} iGZ d € 

t 2 (p), 


( 2 . 2 ) 


^ ( O/iXi 


1/2 


< c P , d E A ^( A ) 


with C p4 = (p - l) d/2 . 

Proof. Observe that it suffices to show 


^ ( o > A j 
A 


1/2 


<c P , d E a n 

VieA / 


for all finite A C 7L d . Then, by Lemma 12.11 

y~! a iXi = El a* El PjXi = El Pj | El j • 

zGA iE A jEZ*^ V^E A / 

Now let y be any random variable with E|y| p < oo in the same probability 
space, and recall that Pj = \\ d q= i -P,jA Then, 



2 

m 

( 

rf \ 

E 

= 

E Ph 

E 

IHa 

jE{— 

P 

jl=-m 

V'2,...JdG{-m,. 

., m }g-2 y 


(2.3) 

m 

< ip - !) E 

Ph 

( E 

iW) 


j 1 =—m 



.,m) <7=2 y 


(p- 1 ) E 


n=-m 


e 

j 2 ,--,jde{-m,...,m} g=2 


P 
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where in the first and last equalities above we used the commuting property 
of the projection operators, and the inequality is a Marcinkiewicz-Zygmund 
type inequality for one-dimensional martingales due to Rio 3l|, Theorem 
2.1]. Iterating the same argument we arrive at, for all m € N, 

2 


(2.4) 


E P A 

j£{— 


< c 2 p4 


\PjY\r. 


X] H - 1 -?- 1 II p- 

j^{—m,...,m} d 


Taking Y = £ie A a,;Xj, we obtain for all m G N, 


p j (y>^) 

- C P,d 

Pj 

aixA 

j£{—m,...,m} d \*GA / 



VieA / 


-jl 


<qhE ENii p °v-;iu 

j^L d V^EA / 

S <5* E E af||P 0 ^|| p ^||^ 

jez d *gA teA 

= Cl d A 2 p (X)Y / al 

*eA 

where we applied triangle inequality and Cauchy-Schwarz inequality in the 
second and third steps, respectively. Thus, we have shown (12.211 . □ 


Remark 2.3. It is not clear to us whether the constant C pd = (p — l) d / 2 
is optimal for d > 2. It is proved by Rio [31] that it is optimal when d = 1. 
The constant C p d will play a role when establishing tightness with entropy 
conditions for invariance principles. See Remark 14.41 below. 


Lemma 2.4. Suppose A 2 PO < 00. Then Ylj^z d |Covpfo, Xj)\ < A 2 (X) < 
00. 


Proof. Hannan’s condition enables to write Xi = YhjPjXi- Since {Pj}j£z d 
are orthogonal in the sense that E[(PjX)(P k Y)\ = 0 for all j,k G Z rf ,j ^ k 
and € L 2 (fi,£>,P), it follows that 


E i e (*a>i < E E E\(PiX 0 )(P t X k )\ 

k€jj d k£jj d iEjj d 

sEE WPiXoUPiXkWz 

i&z d 


A 2 (X). 


□ 


As a consequence, we introduce 
(2.5) a 2 := ^2Cov(X 0 ,Xj) 

j£Z d 
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which is finite under Hannan’s condition. 

To state the main result, introduce b n = {b n ,j}j^z d *= b n := 

(£ jeZd F ° r {MneN C £ 2 (Z d ), we are interested in 

Sn = ^ 


/ , b n .jXj, 


which by Lemma 12.21 is defined in the L 2 sense under A 2 (A) < oo, and 
moreover for <r 2 := Var(5 n ), 

(2.6) a 2 n <C& 2 A 2 (X)<oo,n€N 

for some constant C > 0. Our main result is the following. 

Theorem 2.5. Let {Xj} ieZ d fre a stationary Bernoulli random field as 
in (LSD satisfying Hannan’s condition dm if 

I ^ n -3 I 


(2.7) 

and 

( 2 . 8 ) 

hold, then 
(2.9) 


lim sup 


= 0 


lim inf ^ > 0 

rwoo br, 


— =>- A/^O,1). 

& m. 


The condition (12.811 is subtle as it involves both the coefficients and the 
dependence of underlying random fields (via a n ). The following corollary is 
more convenient, as it imposes only conditions on coefficients. However, we 
see later in Example 13.21 that there are examples that satisfy the conditions 
in Theorem 12.51 but the conclusion of Corollary 12.61 does not hold. Recall 
that for k E the shift operator yields T^b n = {&nj+fc} jsz d - Let ei,..., 
be the d canonical unit vector in M d . 

Corollary 2.6. Let {Xi} iGZ d be a stationary Bernoulli random field as 
in (LSD satisfying Hannan’s condition m- Under the notations as in 
Theorem \2.5l if 


lim 

n—too 


I X fI bn b r 


( 2 . 10 ) 

hold, then 

( 2 . 11 ) 

with a defined as in (LSD, and 


= 0, for all q = 1,..., d 


v w n 

lim -= (7 

n—>oo b n 


Sn 

bn 


A/*(0, a 2 ). 
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Proof of Corollary \ 2. (A We first show (|2.11jl . Recall (12.61) . Observe that 


-2 


E 


*n,kOn,k-\-j 


= II Tjb n - 


12 
\P 


~\\K 


12 

\P 


\\Tjb 1 


■fp, 


and || Tjb n 
Therefore, 

( 2 . 12 ) 


b n \\ P = o(b n ) for all fixed j € a consequence of (12.101) . 


lim p2 

n->oo 


^ ' bn,k^n,k+j 1 for J € Z . 
kez d 


Thus, by the dominated convergence theorem, (12.61) and (12.121) imply (12.111) . 

If a = 0, then <j\lb\ —>• 0, and the central limit theorem is degenerate and 
trivially holds. If cr > 0, then (12.81) holds. By Cauchy-Schwarz inequality, 
(12.101) implies 


(2.13) 



0, for all q = 1,..., d. 


It has been shown in Lemma 8], using an idea from j28[, that (12.131) 
implies (12.71) . The desired result now follows from Theorem 12.51 □ 


Remark 2.7. Condition (12.101) was introduced in Bierme and Durieu fjj 
Theorem 3.1]. Condition (12.7j) was also assumed there. It has been pointed 
out in [s. Remark 3] that (12.71) was redundant. 


Proof of Theorem \2.5\ We proceed an m-dependent approximation argu¬ 
ment. For each m € N, set Qj = a(ei : i € \j — < m), 

Xj" 1 ' 1 = E(Xj | Gj m ^),j € Tj d . In this way, is a (2m + 1)- 

dependent stationary random field. Write 

sH = ^6 nj xj m) and = Vax(S£»>). 

j€jj d 

Observe that 


p 0 xj m) = (-l) 5l+ '" +,5d E E (Xj I g( m) 

< 5 e{o,i} d 

= (—l) 5 ! -1 fl5d E E (Xj | Xs) 

Se{o,i} d 


F-S 

(m) 


= E P 0 Xj 



where in the second equality we used the fact that the cr-algebras and 
J 7 # are conditionally independent and hence commuting, because they are 
generated by independent random variables {ej}j G z d - Thus, 

(2.14) A P (X^) < A p (X), 

and Si m) is well defined in the L p sense if A p (X) < oo,p > 2. 

We will approximate S n by . To establish a central limit theorem for 
m-dependent random variables, we will apply a result due to Heinrich 0, 
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which requires each partial sum to be of finite number of random variables. 
Therefore, we introduce a finite set V n C for each n such that | | —>• oo 

and lim n _ > . 00 b~ 2 J2jeV n b l,j = L Set 

4? = E and a 2 m y n = Var 

jev n 

We first summarize a few estimates in the following lemma. 


Lemma 2.8. With the construction described above, 

(2.15) lim limsup V ar ^ w —- = 0, lim lim sup ^ m ’ n —— = 0, 

m^oo ngN G* m—too ngN a £ 

and with the choice of V n described above, for every m large enough, 


(2.16) 


lim 
n—>oo 


Var (Si m) - S™) 


= 0, lim 


<7 


m.Vn 


= 1. 


(T„ 


n-to o at 


Proof of Lemma \2.8[ In the sequel, we let C denote constant number inde¬ 
pendent from n and m, but may change from line to line. We first show the 
first part of ()2.15l) . Indeed, by Lemma [2721 

2 

Var(S n - S™) <Cb 2 n [Y^ \\M x j " 


Observe that for each j, \\Po(Xj —X 
and that 


Hi 


\2<\\X j -X J 


Hi 


2 —>• 0 as m —» oo, 


E \\ p o( x j- x t m) )\\ 2 < E (n p o(^-)ii 2 + iip 0 (E m) )ii 2 ) 

j&1 d j£Z d 

< A 2 {X^) + A 2 (X) < 2A 2 (V), 

which is finite under Hannan’s condition. By the dominated convergence 
theorem, linim^oo sup ngN Var(5n m ' — <S n )/6 2 = 0, and the first part of (12.1511 
follows from the assumption (I2.8H . To see the second part, it suffices to 
observe 

14 -rt\< VarV 2 (4"*) - S n )yar^ 2 (S^ + S n ). 

We have seen that a 2 < Cb 2 n in (12.611 . Again by Lemma 12.21 and (12.1411 , 


a 2 < Cb 2 n A 2 (X^) < Cb 2 n A 2 {X). 


Therefore, Var (S^ + S n ) < 2 (a 2 i n + a 2 ) < Cb 2 n , for all m,n € N. It then 
follows 

\a 2 — a 2 \ b Var 1 / 2 !— S 1 

i. I u m,n u n\ ^ U n \ <XL [On O n ) 

lim sup--—-- < C lim sup • 


n—¥ oo 


crt, 


n—> oo &n 


(Jr) 


The second part of (I2.15H now follows from the first part and (12.811 . 
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For (12.16p . to show the first part, using the same argument as above it 
suffices to observe 


Var (St ] ~ 4 m) 




^ ^ n -.i y( m ) ^ ^*n.j b n (J n ^ o ^ y ) 


g± 


b 2 

'-'m 


G 2 G 2 
^ n w m,n 


again by Lemma 12.21 and (12.1411 . By the second part of (12.151) , for m large 
enough, say m > mo, limsup^^ | G^ nn — g^I/g^ < 1/2, whence 


(2.17) 


lim sup 

n —>oo O’; 


G„ 


< 2, m > mo¬ 


rn, n 


Therefore the first part of (12.1611 follows, for m > mo- For the second part, 
observe that 

l<„ - <vj < Vai 1/2 (S<”*> - 4r , )Var 1/2 (S< m) + 4!'). 

and by Lemma 12.21 and (12.141) , 


< ^ ( E ) ^Ux {m) ) < CblAl(X). 

<jev n 


Thus, 

(2.18) 


I 2 2 

l cr m,n ~ ®m,Vn 


< c 


'Var - S™)\ 1/2 b. 


(Tr 


a; 


m,n 


<J, 


m,n 


O'n & n 


By (12.81) . (|2.17l) and the first part of (|2.16|) . for m > mo the second part 
of ()2.16|) follows. □ 

Now we prove the desired central limit theorem (|2.9I) in three steps. 

1) We first show, for m large enough, 


(2.19) 


5- 


(m) 

V n 


lim 

n-s-oo G m y n 


A7(0,l). 


For this purpose, we apply the central limit theorem for m-dependent ran¬ 
dom variables due to Heinrich 1191. We need also 


( 2 . 20 ) 


lim sup —-— 

n—> oo a m ,v n 


< oo, 


which follows from (12.81) and (12.161) . for m large enough. For (|2.19l) . the 
required conditions in Heinrich’s theorem can be easily verified: for any 
m € N large enough fixed, 

1 \ ' ^7,0 „(m)2\ ^ b n v (m) 


G 


m > V n j&Vn 


E E !>Vxf 1 A < 


— yi 


g; 


Var (AX °) <C < oo 


m,V n 
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for some constant C and n large enough, and for all e > 0, and 

,2 d 


m 


cr 


m,V n jeVn 


E E b h x t 1 




< ^LAle ( 4 m)2 l {|xr)| > em _ 2d/supj . J^ } I ^ 0 as n ^ oo 


a 


m,Vn 


7 m, V TL 


where the last step is due to (12.2011 and the assumption (|2.7I) . 
2) Observe that 


c (m) q(m) _ q(m) Q (m) 

b n _ Z Vn o Vn a m y n 


a 


m,n 


&m,n &m,Vn &m,n 


From (12.1611 and (12.1911 . it follows that for m large enough, 

oM 

(2.21) —— =>• J\T{0, 1). 


C n 


3) At last, to show (12.91) . observe that 


q q( m ) 


n u m.n u n 


= -i(s n _ 5 M) + 

& n 


&m,n 


O'nO'r] 


q(m) 


By Lemma 12.81 it follows that 


( 2 . 22 ) 


lim limsupVar- 


c qW ' 


= o. 


&n &m,n 


Therefore, applying [Q, Theorem 4.2] to (12.211) and (12.221) . we have thus 
proved (12.911 . □ 

Remark 2.9. The same m n -dependent approximation as in 0, Theorem 
3.1] can be applied here, once one notices that 


(2.23) 


r Var (S n -Si mn) ) n 

lim - — - = 0 

n-s-oo Ot 


holds (in the same way as in the proof of the first part of (I2.15jl ) in place 
of [3, Eq. (3.4)] for an appropriately chosen increasing sequence {m n }„ e N> 
and the rest of the proof therein can be carried out with minor changes. In 
order not to introduce too much duplication, we chose to present a different 
proof. Our result is more general also in the sense that we consider the 
normalization of a n instead of b n . 
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3. Central limit theorems for set-indexed partial sums 


In this section, we consider the case 


Sr, 


Sr n = E 


for a sequence of subsets {r n } n€ ^ of 7L d with the cardinality of subsets 
|r„| — >• oo as n — >• oo. This corresponds to the case b n j = l{j<=r„} and 
b n = \Tn\ 1/2 - Then, in view of Corollary 12.61 it is easy to notice that ( 12 . 101 ) 
is equivalent to 


(3.1) 


lim 

n—> oo 



= o, 


where dT n = {i € T n : 3j T n , | i — j |oo = 1} is the boundary set of T n . 
Indeed, if we identify T n with an element in i ( 2 (Z rf ) via b n j = l{jgr n }! then 
for each q = 1,..., d we have ||T eg r n - T^111 2 < 2\dT n \ < Yf m =l \\ T e m T n ~ 
r n \\j 2 . We have thus obtained the following. 


Corollary 3.1. For a Bernoulli random field with A 2 (X) < oo, and a 
sequence of subsets {T„}„ e N of Z d satisfying |T n | —> oo and (13.11) . 

(3 ' 2) 7^72 ^-^(0,u 2 ) 

with a 2 given in m- 


In the rest of this section, we discuss what happens if we are interested 
in the convergence of 

(3.3) 0,1). 

This follows from (12.81) . by Theorem 12.51 To see the role of the condi¬ 
tion ()2.8I) . we provide two examples. First, by Example 13.21 we show that 
condition (12.81) cannot be removed: otherwise (13.31) may no longer hold under 
Hannan’s condition. Second, by Example 13.31 we show that the assumption 
in Corollary 12.61 is strictly stronger than (|2.8j) , in the sense that there are 
examples satisfying (|2.8D . but the conclusion of Corollary 12.61 does not hold. 
Note also that Example 13.21 also shows that when S n /b n => jV(0, a 2 ) with 
a 2 = 0, one should not expect S n /a n to converge, without further assump¬ 
tions. 

For the sake of simplicity, both examples are given in one dimension. Let 
{ e i}iez be the i.i.d. random variables that generate the Bernoulli random 
field (11.51) . 

Example 3.2. Consider T n = {0,1 ,n — 1}. We construct an example 
such that S n /a n converges to different limits along different subsequences. 

Suppose that there exists a collection of mutually independent random 
variables {Cn^lneZ.fceN such that for each k € N, {fin 1 }nez are i.i.d., and 
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(k) / \ (k) 

for each n, Q, ; is cr(e n )-measurable. We further assume that EQ, = 

(k)\ 

0, Var(Q, ) = 1. A detailed construction is given at the end. 

For coefficients satisfying Ylk |o:fc| < oo and a sequence of in¬ 

creasing positive integers {rik}keNi set 

OO 

= a fc (d fc) - dij, k € N and X n = £ W«. 

k=1 

Observe that PqX u = P()Wn\ which equals —agffl if n = for 

some i € N, and 0 otherwise. Thus, A 2 PO = \ a e\ < °°- 

Write S n = S Tn = E-=o x i an d S n (W (*)) = Ei=o w} k) . So 

OO 

S n = Y,S n (W^). 

k= 1 

By independence, 

and 

00 k —1 00 

Var(S n J = £Var(S ni (lV<'>)) = £ 2 n^af + E 2n fc a| + 2n fc af. 

£=1 e =1 t=fc+i 


One can choose and so that 

(3.4) Var(5 n J ~ Var(S nfe (W^)) = 2 n k a 2 k as k —> 00 . 

For example, taking a*. = 2 _fc2 and = 2 3fc2 k G N, it yields Var(S' nj .) ~ 
Var(5 n;c (W( fc ))) = 2 fc2+1 . 

Now in view of (13.41) . for our purpose it suffices to choose Cfc appropriately 
such that 


(3.5) 


Sn k {WW) 

C^k^/'H'k 


converge to different limits along even and odd sequences. 

To do so, we now give an explicit construction of {Cn } n ez,fceN- For 
the sake of simplicity, consider (12, B, P) = ([0, l] z , £>([0, l]) z , Leb z ), and 
e n (u ;) = oj n ,oj € 12. Here, T is the shift operator although we do not use it 
explicitly. In this way, for any sequence {dk}k&$ with dk € [0,1], we choose 
a family of sets {^4^C £>([0,1]) such that A/ r\A k = 0, /x(4^) = dk/ 2, 
and set 

d fc) (o;) = -t=(l A + - l i -)W,n£ Z, £ € N. 

So for n / n', and d,!' ^ are independent. In order that {Cn^}nez,fceN 
satisfy the conditions that we assumed at the beginning, it remains to choose 
{A k , A k }kzw such that for each fixed n, {dd jfceN are mutually independent. 
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This can be done via a variation of dyadic expansion as follows. First, pick 
Af := (0, d\/2], := (d\/2,di], Suppose A^,A^ have been selected for 

feG N. Then each of A^,A^ and (0,1] \ (A^ U ) can be expressed as a 
disjoint union of left-open-right-closed intervals, and together these intervals 
form a partition of (0,1], say (0,1] = UyLi ( a j,k, bj,k] ■ Now, set 


jk 

A t +1 •= U 

3 = 1 

^k+1 ' LJ ( k "P (Pj,k 2 ' ®j,k T i^j,k 0‘j,k)d j k +1 

j=l \ 


tj.k• Uj.k T (pj,k Q'jtk) 


dk +1 


The so-constructed {Cn^}nez,fceN are then mutually independent. 

Now set dk = 1 for k even and d & = l/n*, for A; odd. For {A^ jfcgN and 
{C^' ) }n,fceN described above, when k is even, Zy. in (13.51) becomes 


1 

y/nk 


riu — 1 

E (Cf ) ■ 


i =0 


A k ) 

^>i —rife 


) 


which is the normalized sum of 2Rademacher random variables, and thus 
Z 2 k => A/"(0, 2) as k —>• 00 . At the same time, for k odd, Z& in (13.51) becomes 

n*. — 1 

i =0 

(k) 

which is the sum of 2nfc i.i.d. random variables with P(Q = ±1) = 1/(2 nk) 
and P((E = 0) = 1 — 1 /nk- Clearly as k —>• 00 Z 2 k-\ has a non-degenerate 
limiting distribution which is not Gaussian. So S n /a n does not converge. 

Example 3.3. Consider Xy = ey — e,;__ 1 . Observe that X, and Xj are 
uncorrelated if | i — j\ > 2. Therefore, this stochastic process satisfies 
A 2 (A) < 00 . We now construct a sequence of subsets {r n }„ S N such that 
liminf n _>. 00 cr n /b n > 0 but lim, woo cr n /b n does not exist. 

We construct T n iteratively. Set Ti = {0,1}. For n € N, set r n+ i = 
r n U B n with 

d = f {a n + 2, a n + 3,..., a n + 2 n + 1} n even 
n \ { a n T 2, a n + 4,..., a n + 2 • 2 n } n odd 

with a n = max{j : j € r n }. By construction, Var(S’r ri+1 ) = Var(S'r„) + 
Var(S' j B n ), and Var(R n ) = 2 Ecq for n even, and 2" +1 EeQ for n odd. At the 
same time, \T n \ = 2 n . It is clear that the desired result follows. 
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4. Invariance principles for Gaussian random fields 

In this section, we present two invariance principles for weighted Bernoulli 
random fields. Let T be an index set equipped with a pseudo-metric. Con¬ 
sider random fields in form of 

(4.1) S n (t)=J2 b n, j (t)X j ,te T. 

j&1 d 

Under Hannan’s condition on {Xj and appropriate assumptions on the 
coefficients b n j(t) : we shall establish, for an increasing sequence of positive 
numbers {& n }neN, 

(4.2) ^{G,} i6T 

l u n ) t£ T 

where G is a zero-mean Gaussian process. The space of weak convergence 
will be specified below. Most results improve earlier ones 0, E3, Si| , in the 
sense that Wu’s condition is replaced by Hannan’s condition. 

We first provide an overview on how to establish (14.21) . illustrating how 
previous proofs can be adapted without much changes. To establish such 
an invariance principle, we proceed as in the standard two-step proof: we 
first show convergence of finite-dimensional distributions and then tightness. 
To show the convergence of finite-dimensional distributions, we first remark 
that marginally, for b n (t ) := (X)jez d ■> one should expect 

(4.3) -A/"(0) o' 2 ); for all t G T 

V ' b n (t) V ' 

with a 2 as in (12.51) as a consequence of Theorem 12.51 Comparing this 
with (14.21) . it suggests that linp^oo 6 2 (f)/6 2 = Var(Gt)/cr 2 . Moreover, by 
Cramer-Wold’s device, for the weak convergence to hold, we need to show, 
for all A G R m , t G T m , m G N, 

■ 

The linear combinations of finite-dimensional distributions can again be rep¬ 
resented as a linear random field via 

m m 

^ ^ \ r S n (t r ) N ( b n jXj with b n ^j ^ ( KK,j (U)) 

r= 1 j £l d r= 1 

to which one can apply Theorem 12.51 again. This is the standard procedure 
to establish finite-dimensional convergence of linear random fields. In our 
setup we have thus proved the following as a consequence of Theorem 12.51 
Write b n = (E^n,j) 1/2 - 

Proposition 4.1. Consider random fields in form of (ED with {Xj}j £Z d 
satisfying Hannan’s condition A 2 (X) < oo. Suppose there exists a sequence 
of real numbers {6 n } ne N such that 


^ m / m 

( 4 - 4 ) T- X rS n (tr) => A/"(°, S^ it ) with = Var ^ 

n r= 1 \r=l 
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(i) for all A £ M m ,i € T m ,m € N, {b n ,j}jez d ,ne N satisfy the assump¬ 
tions in Theroem \2.5\ and that b n /b n converges to a constant as 
n —> oo, and 

(ii) for a zero-mean Gaussian process G, 

(4.5) lim — E(5 n (t)S n (r)) = E(GtG r ), for all t,T € T. 

IHOO b'f 

Then, the convergence of finite-dimensional distributions (jH holds. 

We highlight that to apply Proposition 14.11 the essential work consists 
of verifying the assumptions on b n j, and computing the covariance (14.511 . 
Both of these two steps are independent from the choice of dependence 
assumption on {Xj}j e yd. For invariance principles to be established below, 
these computations have been carried out in earlier proofs (under stronger 
assumptions on {Xj}j eZ d) and can be borrowed here without any changes. 

For the tightness, the moment inequality (12.21) in Lemma 12.21 plays an 
important role. Similar inequalities have been used to establish tightness in 
the aforementioned work, and the proofs can be adapted with little extra 
effort in most the cases. See, however, Remark l4~4l for an exception. 

Below we present two improvements of earlier results. We only sketch the 
proofs in order not to introduce too much duplications. 


4.1. Invariance principles for self-similar set-indexed Gaussian 
fields. Let /i be a u-finite measure on M rf . Consider 

S n (A) := £ V j(A)Xj with b n j(A) := p(nA n Rj) 1 ^ 2 , A £ A 

j£Z d 

where Rj is the set of unit cube in M. d with lower corner j £ Z d , and 
A is a class of Borel sets of M. d , equipped with pseudo-metric p(A, B) = 
fj.(AAB ) 1 / 2 . For p being the Lebesgue measure, this framework has been 
considered for example in nmm. The generalization to other measures, 
even for the i.i.d. {Xj}j eZ d, was first proposed by Bierme and Durieu jj]. 
In particular, they assume the measure p to satisfy the following. 


Assumption 4.2. p is a a-finite measure on (K rf , B (R rf )), absolutely con¬ 
tinuous with respect to the Lebesgue measure, and such that 

(i) There exists /3 > 0 such that p(nA) = n /3 p(A) for all n € N, A £ 
B{ R d ). 

(ii) limsup^^Qo p(Rj) < oo and 


lim 

7r(j)->oo 


I P(Rj+e q ) P( R j)\ 

p(Rj) 


0 ,q = l,...,d 


with 7r(j) = mm q= i r __ jd \j q \,j € 7L d . 


Furthermore, they also worked with regular Borel sets A, that is, for the 
boundary set dA of A C W l , Leb(cL4) = 0. The size and complexity of such 
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classes are normally described via covering numbers: the smallest number 
of p-balls with radius e to cover A, denoted by N(A,p,e). The entropy 
numbers are given by H(A,p,e) = logN(Aji,e). 

The following result is the counterpart of [4, Theorem 4.5], replacing Wu’s 
condition by Hannan’s condition. See Remark 14.41 below on the comparison 
with conditions under Wu’s condition. For concrete examples on self-similar 
set-indexed random fields as applications, see 0 ]. 


Theorem 4.3. Let p be a measure on M. d satisfying Assumption ]^, and let 
A be a class of regular Borel sets ofW 1 such that p(A) < oo for all A € A. 


Assume 

\ further that one of the following conditions holds. 

(i) 

There exists p > 2 such that 



(4.6) 

f N(A, p, e) l t p de < oo 

Jo 

and 

A p < 00 

(ii) 

There exists 7 € (0,2 /d\, such that 



(4.7) 

f H(A, p, e) l ^de < 00 and 

Jo 

A P (X) 

s p l%ih- d /2 

Then, 





{^Lw <j{G(A)} - te4 


in the space of continuous functions on A equipped with supremum norm, 
where a is as in ra and G is a zero-mean Gaussian process with covariance 
Cov(G(A),G(H)) = p(A n B). 

Proof. First, by (4, Proposition 4.2], for each A € A, {b n j(A)} n j satisfy the 
assumptions of Theorem 12.51 and 6 2 (A) = n 13 p(A). This tells the order of 
normalization should be n^/ 2 . 

To show the convergence of finite-dimensional distributions, we apply 
Proposition 14.11 The verifications of conditions and the computations of 
covariance, all based on definitions of b n j(A ) and properties of p only, have 
been carried out in the proof of [4, Theorem 4.3]. 

Now we show the tightness. First consider assumption (i). As in Q], we 
apply [H, Theorem 11.6], which states, if for some constant C > 0, p > 2 , 

(4.8) -j^\\S n (A)-S n (B)\\ p <Cp(A,B) for all n € N, A, B e A, 

and the first part of (14.61) holds, then 


lim sup E 
A o 


/ 

sup 

A,BeA 

\p(A,B)<T) 


\S n (A) - S n (B)\ 


n 


P/2 


= 0 , 


which yields the tightness. It remains to remark that (14.81) follows from (12.21) . 
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Now consider assumption (ii). Consider the Young function ip-y(y) = 
exp(y 7 ) — 1 and the Orlicz norm ||X||^ := inf{a > 0 : Eip^(\X\/a) < 1}. It 
is well known (e.g. H3, Lemma 4]) that 

\\x\L 

< C sup ■ 


\X\ 


f-y 


P> 2 P 


.1/7 


Now Lemma [22] implies for all n € N, A, B S A, 


1 


(4.9) —\\ Sn (A) - S n (B)\\^ 


< 


C ||5 n (A)-5 n (B)|L 


c. 


P/2 


n' 


sup ■ 

p> 2 


<Cp(A,B) S up^A p (X). 

p>2 P i/7 


-Ph 


Recall that C Pt d = (p — l) d / 2 . Again by 22|, Theorem 11.6] the tightness 
now follows from assumption (14.711 . □ 


Remark 4.4. Under assumption (i), compared to [4j we simply replace 
Wu’s condition by Hannan’s condition, and thus strictly improve the results. 
However, the results obtained here in part (ii) are not comparable with those 
under Wu’s condition: when working with Wu’s condition, for the second 
part of (14.7jl one can actually assume the strictly weaker assumption 


(4.10) 


sup ■ 

p>2 






pl/7-1/2 


< OO. 


To establish this condition, the only difference from the above argument is in 
the second inequality of (14.911 , where a similar moment inequality as in (12.21) 
is used, except that the constant C p d is taken as C p( i = y/2p for all d > 1 
Proposition 1], See for example um (This constant can actually be 
replaced by the smaller one C Pt d = y/p — 1: it suffices to follow the same 
proof and replace the constant y / 2 p in E3, Eq.(10)] by yjp — 1, due to [3l|, 
Theorem 2.1].) 

In other words, when replacing Wu’s condition by Hannan’s condition on 
the weak dependence of the stationary Bernoulli random fields, the condi¬ 
tion on entropy numbers (|4.7j) is strictly strengthened here. This is due to 
different constants in the moment inequalities of weighted partial sums as in 
(12.211 in Lemma f2. 21 under different conditions: this constant C p d plays a key 
role in the second inequality in (14.91) . For our approach here, the constant is 
essentially due to a Marcinkiewicz-Zygmund type inequality applied itera¬ 
tively d times to orthomartingale differences in (12.41) : so the power d reflects 
the dimension. For the moment inequality under Wu’s condition in 0 , a 
dimension-free argument is applied: essentially a one-dimensional martin¬ 
gale is embedded into the random held, and thus the constant inherits the 
one from one-dimensional martingale inequalities. 

It is not clear to us whether the constant C P) d in Lemma [2. 2 1 can be chosen 
to be independent from d. Such a choice would weaken the assumption (ii) 
in Theorem 14.31 
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4.2. An invariance principle for fractional Brownian sheet. Consider 
a linear random field {Yj}j eZ d in form of 

Yj = akXj-kJ € Z d , 

with < °o. Invariance principles for 

SJt) = J2 e [0, i] rf 

with nt = (nti,..., nt^) have been studied in the literature. Observe that 
s n (t) = y b n ,j(t)Xj with b n j(t) = y 


Oj-j. 


l<i<nfc 


The following theorem generalizes [351 . Theorem 3]. In particular, [351 ] con¬ 
sidered the case that {aj}j eZ d is of the product form: there exist real num¬ 
bers {a?^}j q £z, Q = 1 ,,d such that 


° = n ■ 

9=1 

Introduce also b^j = YH=i a i-j q an d b n (q) = (J2jez Examples on 

coefficients satisfying the assumption below can be found in [35], Example 
2 ]- 

Theorem 4.5. Suppose there exists H € (0, l) d such that 

h \ns ,j(?) 


,(9) 


n-^o bl(q ) 


= s 2Hq , for all s €E [0,1], q = 1, ..., d, 


and there exists p such that 


1 


p>2,p> max — and A p (X) < oo. 

q=l,...,d Hq 

Then, {S n (t) /b n } t& \ 01 w converges weakly in D([ 0, l] d ) to a fractional Brow¬ 
nian sheet G h with Hurst index H, a zero-mean Gaussian process with co- 
variance 

Cov(Gf ,Gf) = i,n {4 Hq +4 Hq ~ I t q - s q \ 2Hq ) ,s,t€ [0, l] d . 

9=1 

Proof. To show the convergence of finite-dimensional distributions, the con¬ 
ditions in Proposition ld.ll have been verified as in 35j, proof of Proposition 1]; 
actually, there a different set of conditions in j35[ Definition 1] on b n j were 
verified. The equivalence between conditions there and ours were pointed out 
by Bierme and Durieu [1, Remark after Theorem 3.1] (see also Remark 12.71) . 
We also point out that the conditions in [35] were actually redundant: in 
[35, Definition 1], Eq.(8) implies Eq.(9) by Cauchy-Schwarz inequality. 
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To show the tightness, by [2ll . Corollary 3], it suffices to show, for some 

/? > 1 ,P> 0, 


(4.11) \\S n m p <Cb n l[t^,te[0,l} d . 

q =i 

For this purpose, by (12.21) . 

(4.12) ||S„(t)|| p <c(y, Cw) A p (X), 

\jez d ) 

which could lead to the desired condition ( 14.111) . This plan can be carried 
out as in [35, Proposition 2], with Eq. (23) therein replaced by (14.121) above 
and no other changes. We omit the details. □ 
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